We investigate the nucleon's transverse spin-dependent structure function g 2 (x, Q 2 ) in the framework of the operator product expansion and the renormalization group. We construct the complete set of the twist-3 operators for the flavor singlet channel, and give the relations among them. We develop an efficient, covariant approach to derive the anomalous dimension matrix of the twist-3 singlet operators by computing the off-shell Green's functions. As an application, we investigate the renormalization mixing for the lowest moment case, including the operators proportional to the equations of motion as well as the "alien" operators which are not gauge-invariant.
occurring in the renormalization of the generic flavor singlet operators has been emphasized in Ref. [8] . Therefore, the computation of the anomalous dimensions in a covariant gauge in a fully consistent scheme is desirable and should provide a useful framework.
We develop a covariant framework to investigate the flavor singlet part of g 2 (x, Q 2 )
based on the operator product expansion and the renormalization group, by extending our recent work on the flavor non-singlet part [5, 6] . The purpose of this letter is twofold.
Firstly, we provide all necessary stuffs and convenient techniques: We list all relevant twist-3 flavor singlet operators appearing in QCD. We discuss the relations satisfied by these operators [7] . In particular, we obtain a new operator identity, which relates the gluon bilinear operator with the trilinear ones. Based on these developments, we give a basis of independent operators for the renormalization. We describe a general framework to perform the renormalization of the twist-3 flavor singlet operators in a covariant gauge by computing the off-shell Green's functions. An advantage of our approach is that an infrared cut-off is provided by the off-shellness of the external momenta. This allows us to assess unambiguously the renormalization constant ; otherwise the calculation might be subtle and potentially dangerous [8] . A convenient projection technique [6, 9] is also introduced to simplify the calculation. Secondly, we apply our framework to the lowest (n = 3) moment case, and demonstrate the consistency and the efficiency of our method:
We investigate in detail the mixing structure of the higher twist singlet operators under the renormalization. The EOM operators as well as the alien operators should be included as independent operators. We also clarify the connection of our approach with other works [7] based on the on-shell calculation without the EOM operators nor the alien operators. As a byproduct, we confirm the prediction of the Q 2 -evolution obtained in previous works [2, 7] , which will be subject to future experimental studies.
We follow the convention of Refs. [5, 6] . We list the twist-3 flavor singlet operators which contribute to the moment
2 ) (n = 3, 5, 7, · · ·). Firstly, there is a set of operators which are bilinear in the quark fields. These operators can be obtained from the non-singlet operators, eqs.(1)-(4) of Ref. [6] by removing the flavor matrices λ i .
An independent basis can be chosen as (see Refs. [6, 10] ):
where
In the above equations, (-traces) stands for the subtraction of the trace terms to make the operators traceless and D µ is the covariant derivative. S means symmetrization over ε µναβ G αβ explicitly.
Secondly, we have the following "new" operators (see e.g. Ref.
[10]):
−traces,
Here A antisymmetrizes σ and µ 1 . δ ab , and α is the gauge parameter. T n,l is trilinear in the gluon field strength G µν and the dual tensor, and thus represents the effect of the three gluon correlations. It satisfies the symmetry relation T
it vanishes by the use of the equations of motion for the gluon, although it is in general a nonzero operator due to quantum effects. T n,B is the BRST-exact alien operator[4] which is the BRST variation of the operator:
We note that the gluon bilinear operator eq. (4) is related to the trilinear ones eq. (5) by
where the first identity is the usual Bianchi identity while the second one is a consequence of the relation g µν ε αβγδ = g µα ε νβγδ + g µβ ε ανγδ + g µγ ε αβνδ + g µδ ε αβγν . The operator identity eq. (8) is new, and is one of the main results of this work. As a result of eq. (8), we can conveniently choose a set of independent operators as eqs. (5)- (7). For the n-th moment, these n+1 2 independent operators will mix with each other, and with the n gauge-invariant operators bilinear in the quark fields discussed above, under the renormalization.
After the determination of an independent operator's basis, the renormalization is in principle straightforward: We follow the standard method to renormalize the local composite operators [4] . We multiply the operators discussed above by a light-like vector ∆ µ i to symmetrize the Lorentz indices and to eliminate the trace terms:
We then embed the operators O j = ∆ · R σ n,l , ∆ · T σ n,l , into the three-point function as,
and compute the one-loop corrections. We employ the Feynman gauge (α = 1) and use the dimensional regularization. To perform the renormalization in a consistent manner without subtle infrared singularities [8] , we keep the quark and gluon external lines offshell; in this case the EOM operators as well as the BRST-exact operators mix through renormalization as nonzero operators.
One serious problem in the calculation is the mixing of many gauge-variant as well as BRST-variant EOM operators. As explained in Refs. [5, 12] , the gauge-variant quark EOM operators are given by replacing some of the covariant derivatives D µ i by the ordinary derivatives ∂ µ i in the corresponding gauge-invariant operator R σµ 1 ···µ n−1 n,E
. In the present case, the BRST-variant EOM operators obtained similarly from the gluon EOM operator eq. (7) also participate in the mixing. However, the problem can be overcome by directly generalizing of the method employed in Refs. [6, 9] . We introduce the vector Ω µ r (r = 1, 2, 3)
satisfying ∆ µ Ω µ r = 0 for each external gluon line, and contract the Green's functions as
. This brings us three merits: Firstly, the tree vertices of the gauge (BRST) invariant and the gauge (BRST) variant EOM operators coincide. Thus, essentially only one quark (gluon) EOM operator is now involved in the operator mixing. Secondly, the structure of the vertices for the twist-3 operators is simplified extremely and the computation becomes more tractable (see eqs. (14)- (17) below). Thirdly, the three-gluon vertex of the BRST-exact operator eq.(6) vanishes for
and Ω 1 · Ω 2 = 0. Thus, we can exclude the BRST-exact operator from the gluon three-point functions and compute its mixing separately.
We now apply our framework to the lowest (n = 3) moment. In this case, there exists no three-gluon operator ∆ · T σ 3,l . From the one-loop calculation of the one-particleirreducible (1PI) three-point function using the projection by Ω r µ (see Fig.1 ), it turns out that the renormalization takes the following form:
where the operators with (without) the suffix "bare" are the bare (renormalized) quantities. The renormalization constant matrix is triangular; this is consistent with the vanishing physical matrix elements of the EOM operators and of the BRST-exact operators (see below). In the MS scheme, we express the renormalization constants Z ij as,
with D the space-time dimension. The relevant components of X ij read:
, C G = N c for N c color, and N f is the number of quark flavors. The physically relevant component is only X 11 . However it is inevitable to identify other components to get a correct result for X 11 . Now let us discuss the relation between our approach and other ones based on the on-shell calculation. For this purpose, we note that eq. (9) implies the following results for the 1PI three-point functions including one-loop corrections (we consider the massless quark case):
are the Fourier transform of the 1PI Green's func-
the incoming (off-shell) external momenta. The threepoint vertices appearing in eqs. (12) and (13) are given by,
wherep ≡ ∆·p, etc., and "(cyclic perm's)" denotes the terms due to the cyclic permutation of the labels for the external lines (k 1 , Ω 1 , a), (k 2 , Ω 2 , b), and (k 3 , Ω 3 , c). We now take the on-shell limit of the above expressions. We can identify the vectors Ω (12), and k
. We see T There exist, however, the one-particle-reducible (1PR) contributions of the same order as the 1PI ones (see Fig.2 ). We denote the 1PR contributions corresponding to eqs. (12) and (13) 
Here it should be noted that the on-shell limit of three massless particles corresponds to a very singular (collinear) configuration in the momentum space. Actually the on-shell limit of the 1PR diagram (Fig.2) becomes indefinite due to the collinear singularity. This technical difficulty can be avoided by calculating the "non-forward" matrix element of the composite operator [8] . Namely we calculate the diagram with the composite operators at nonzero momentum (
we "define" Γ σ gqq and Γ σ ggg to be the q → 0 limit of the matrix element after putting the external fields on the mass shell.
The contributions from Fig.2 are given by,
+ (cyclic perm's), 
Substituting eqs. (20)- (21) into eqs. (18) and (19), we can go over to the on-shell limit with q being kept non-zero. After this procedure, we take the q → 0 limit leading to
gqq and Γ
ggg . Therefore, the nonzero terms coming from the EOM operators exactly cancel out in the sum of the 1PI and the 1PR contributions for the on-shell external momenta:
The results eq.(22) correspond to the on-shell calculations of the evolution kernel in the literature [7] , where neither the EOM operators nor the alien operators appear. The nonzero contributions from the EOM operators in the on-shell limit and their cancellation in the sums eq.(22) are novel features in the three-point functions, whose consideration is indispensable for the twist-3 operators. This phenomenon is consistent with the wellknown theorem that the physical matrix elements of the EOM operators vanish[4], because both 1PI and 1PR diagrams contribute to the physical matrix elements. We emphasize that, in our demonstration, a calculation of the "physical" matrix element of the composite operators, in general, stays with some subtleties and dangers due to infrared singularities.
One of the consistent method to avoid this problem from the beginning might be that all diagrams (1PI as well as 1PR) are calculated with the composite operators at nonzero momentum [8] . In this case, however, we must consider additional composite operators which differ from the previous ones by the total derivative and this fact brings in another complexity † . Therefore the off-shell Green's functions are much more tractable and easy to calculate especially for the general moment n.
Finally, we mention the Q 2 -evolution obtained from eqs. (9)- (11): If we neglect the quark mass operator ∆ · R σ 3,m , only one operator ∆ · R σ 3,1 contributes to the Q 2 -evolution operators as an independent operator's basis. To identify the renormalization constants correctly, the off-shell Green's functions are considered. In this case, it is indispensable to consider the mixing of the gauge invariant operators with the EOM as well as the BRSTexact operators. As an application, we investigated in detail the renormalization for the lowest (n = 3) moment. We made contact with other methods [7] , and also confirmed the prediction of the Q 2 -evolution obtained by them. The off-shell Green's functions are free from the infrared singularity coming from the collinear configuration as well as any other unphysical singularities. We believe that calculating the off-shell Green's functions is the safest and the most straightforward method to obtain the anomalous dimensions of the higher-twist operators.
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